Biological small angle X-ray scattering (SAXS) has become an important tool to investigate the structure of proteins in solution. In this paper we present a novel ab-initio method to represent polypeptide chains as discrete curves that can be used to derive a meaningful three-dimensional model from only secondary structure annotation and experimental SAXS data. High resolution crystal structures were used to generate probability density functions for each of the common secondary structural elements found in proteins. These are used to place realistic restraints on the model curve's geometry. To evaluate the quality of potential models and demonstrate the efficacy of this novel technique we developed a new statistic to compare the entangled geometry of two open curves, based on mathematical techniques from knot theory. The chain model is coupled with an explicit hydration shell model in order derive physically meaningful 3D models by optimizing configurations against experimental SAXS data using a monte-caro based algorithm. We show that the combination of our ab-initio method with spatial restraints based on contact predictions successfully derives a biologically plausible model of the coiled-coil component of the human synaptonemal complex central element protein.
Here we propose an alternative ab-initio technique which uses a curve model of the 27 3D structure of the polypeptide chain. It is parameterised by consecutive discretised 28 descriptions of the four major secondary structural elements, α-helices, β-strands, 29 flexible sections and random coils. The permissible geometry of these curves is 30 restricted by empirically determined constraints, which are akin to Ramachandran 31 constraints [12] . Variations on this curve representation have so far only been used to 32 describe protein structures [13] [14] [15] . In order to utilize the curve representation for the 33 interpretation of SAXS data the protein model is combined with a water model for the 34 first hydration shell and an empirically calibrated scattering model. The geometry of 35 the model can then be optimized against the experimental SAXS data. The main 36 advantage of this approach over existing methods is the explicit description of the 37 protein's fold based on realistic secondary structure. Further, this description has a 38 much reduced number of parameters by comparison to all atomistic models. A second 39 advantage is that by accurately characterizing the protein's secondary structure it can 40 reliably incorporate additional structural information in order to improve the results of 41 this technique. In this study contact predictions, based on sequence alignments alone, 42 are used to improve the model predictions. 43 In order to show the potential of this technique we apply it to BioSAXS data of 44 structural core of the human synaptonemal complex central element protein 1 (SYCE1). 45 This protein represents an essential structural component of the synaptonemal complex 46 (SC) that binds together homologous chromosomes during meiosis and provides the 47 necessary three-dimensional environment for crossover formation [16] [17] [18] . The SC is 48 formed of oligomeric α-helical coiled-coil proteins that undergo self-assembly to create a 49 lattice-like assembly [19] [20] [21] . In a recent biochemical and biophysical study, human 50 SYCE1 was shown to adopt a homodimeric structure in which its structural core is 51 provided by N-terminal region (amino acids forming an extended dimeric 52 α-helical coiled-coil [22] . On the basis of its demonstrated anti-parallel configuration, 53 the structural core was expressed in an engineered construct in which two SYCE1 54 25-179 sequences were tethered together through a short linker sequence. This construct 55 faithfully reproduced the native structure, and substantially improved protein stability 56 , c i+2 , c i+3 ) (red points) and their mid section points (c m1 , c m2 , c m3 ) (blue), the first example is more tightly wound and has a smaller sphere, hence a higher κ value. The sphere defined by these mid-section points is shown, the inverse of it's radius is the curvature κ. in solution and thereby enhanced the quality of BioSAXS data [22] . In this study, using 57 secondary structure predictions and distance restraints purely based on the sequence of 58 protein construct alone, an excellent model of an anti-parallel extended but bent 59 coiled-coil is derived, which is fully consistent with biological data.
60
A curve description of the protein molecule
61
Polypeptide chain
62
The polypeptide chain is represented as a set of points in 3D space {c i } n i=1 , the 63 positions of the C α atoms in each amino acid. The geometry of four consecutive points
64
(c i , c i+1 , c i+2 , c i+3 ) can be characterized by two parameters, the curvature κ and 65 torsion τ (see Methods and Materials). κ is defined by the unique sphere made by the 66 centre of the joining edges (see Fig 1(a) ), the smaller the sphere the more tightly the 67 curve joining the points fold on themselves, τ measures the chirality of the section, it is 68 positive for right-handed coiling negative if left-handed. An algorithm for generating a 69 curve of length n from n − 3 pairs of values of (κ i , τ i ) is defined in Methods and
70
Materials. Examples of an alpha-helical and flexible linker sections (taken from the 71 structure of BSA (PDB=3V03) [23] ) are shown in Fig 1(b) and (c).
72
Secondary structure geometry restraints 73 C α coordinates were extracted from over 60 PDB protein structures taken from the SAS 74 database [24] and the κ and τ values calculated for all sub-sections (c i , c i+1 , c i+2 , c i+3 ). 75 The κ-τ pairs are shown in Fig 2(a) . There are three main populations of values Illustrations of the κ-τ spaces used to impose realistic geometry constraints on the polypeptide chain. (a) (κ, τ ) pairs obtained from crystal structures, plotted as points with κ on the horizontal axis and τ the vertical axis. (b) is a P.D.F, created from the data in (a), which correspond to linker sections. There are three distinct domains of high probability corresponding to the preferred corresponding to the preferred secondary structural elements.
(preferential regions). As shown in S1 Appendix :Sec 1 these regions of (κ, τ ) space
77
correspond to the three preferential domains of Ramachandran space ( [12] ). Using the 78 PDB's secondary structure annotation this data was split into categories of β-strands,
79
α-helices and the rest which are not identified (referred to here as linkers). To account 80 for random coils the data were further divided into subsets whose values remained in 81 one preferential domain (as in Fig 1(b) ) and those whose κ-τ values belong to multiple 82 domains (like Fig 1(c) ). For each set of data a representative probability density 83 function (P.D.F) was calculated using Kernel smoothing techniques [25] (see S1
84
Appendix :Sec 1), an example is shown in Fig 2(b) .
85
Generating models from secondary structure annotation
86
In order to generate models based on secondary structure information alone a protein of 87 n amino acids is split into l distinct sub-domains of length m i ( constrained backbone algorithm (CB), is given in S1 Appendix :Sec 1. One example of a 101 structure generated using this algrotihm is shown in Fig 6(b) , based on the 1LYZ
102
Lysozyme secondary structure annotation; this particular structure was used as a 103 starting point for an ab-initio structure optimization in this study. 
The hydration layer

105
Once the curve representation is obtained it is crucial to to add a model of the 106 hydration layer in order to generate realistic scattering curves. To this aim a novel 107 method was developed whereby solvent molecules are placed in-between a pair of 108 cylindrical surfaces surrounding the axis of a section of the backbone (Fig 3(a) ). This 
121
The exact mathematical specification of this hydration layer is detailed in S1 The scattering formula
130
Once the polypeptide chain and hydration layer models are determined, the Debye
131
formula [27] ,
is used to calculate the scattered intensity I(q) as a function of momentum transfer form factors require a number of constants to be specified. To determine these constants 137 the hydration layer model defined the previous section was applied to backbone models 138 obtained from x-ray structures with high quality BioSAXS data available from the SAS 139 database [24] . The parameters were then obtained by a global optimization to the 140 experimental data in which (1) was applied to this composite backbone-hydration shell 141 model (S1 Appendix :Sec 3). The quality of fit obtained, as shown in Fig 5, is a further 142 endorsement of the hydration layer model introduced above.
143
Evaluating structural similarity.
144
In the next step the geometry of each model generated by the CB algorithm is
145 optimized by refinement against the scattering data. However, since the problem is 146 under-determined, many models will fit the experimental data so a method is required 147 to compare structures and determine which predictions are "essentially the same" in 148 that they only differ by small local conformational changes (as one should expect in 149 solution).
150
The standard methods in protein crystallography for comparing similar protein 151 structures are based on root mean squared deviations (RMSD) where two structures are 152 superimposed to minimize the sum of all distances of equivalent C α atoms [28, 29] . This 153 measure and variants on it are known to be overly sensitive to large deviations in single 154 loops (as discussed in [28] ). Unlike homologous crystal structures, which will often only 155 differ by the change in a small subsection of the whole structure, the comparison here To mitigate these problems a novel and more robust approach based 160 on knot theoretic techniques was developed.
161
Knot fingerprints
162
Techniques from knot theory have long been used to identify specific (knotted) 163 entanglements in protein structure [30] . To compare two protein structures using knot 164 theory the N and C termini need to be joined [31] . As in [30] the procedure used here is 165 to surround the backbone with a sphere, then choose two random points on the sphere 166 and join the end termini to these points, finally this extended curve is closed with a 167 geodesic arc. The knot is then classified (e.g. via Jones polynomials). This procedure is 168 repeated a significant number of times (10000 in this study) and the most common knot 169 (MCK) chosen to indicate the knotting of the curve. To obtain additional information 170 the MCK is calculated for all subsets
curve. One can then plot this data on a "staircase" diagram with j and k on the axes 172 and each square of the domain colored by its most common knot (e.g. [32] ) (examples of 173 staircase diagrams are shown in Fig 6(c) , (d) and (e)). The fingerprint is found to be 174 preserved across protein families [32] , even when there is low sequence identity [33] .
175
Secondary knot fingerprints 176 Fig 6(c) is the knot fingerprint for one set of Lysozyme coordinates (shown in Fig 6(a) ), 177 of the second most common knot identified during the random closure process. The properties. Firstly it quantifies crystal structures of the same molecule as highly similar 191 K 2 (K 1 , K 2 ) > 0.77 and randomly generated structures (with the same secondary 192 structure sequence) as significantly dissimilar, generally K 2 (K 1 , K 2 ) < 0.1 (see Fig 7(a) ). 193 Secondly it judges crystal monomer structures of similar length as being significantly 194 different (typically K 2 < 0.4), i.e. it can differentiate folds. Thirdly it is shown to have 195 excellent properties under deformation. To demonstrate n randomly distributed changes 196 were applied to a crystal structure K pdb using the CB algorithm. For each n 50 such 197 structures K n were generated and the values of the statistic K 2 (K pdb , K n ) calculated.
198
The results are plotted as a function of n in Fig 7(b) for Lysozyme. The mean value 199 drops off rapidly to the same value as the average of the randomly generated structures 200 (after about 15 changes). The maximum value always remains significantly higher than 201 the mean, it drops below PDB quality after only 2 changes. So a high K 2 (K pdb , K n ) Fig 6(a) . The two distinct sets are Lysozyme PDB's and random structures with secondary structure alignment to Lysozyme (generated using the CB algorithm). (b) Plots of the mean, maximum and minimum value of the 50 secondary knot statistics comparing the 1LYZ structure and the same structure subjected to n random changes in its secondary structure. The dotted lines show 1 standard deviation from the mean. The black line is the average of the PDB structure secondary fingerprint statistics (see (a)) the purple line the Random structure average (crossing the mean at about n = 15 ) and the yellow line the average of secondary fingerprint values for models which fit the experimental data (crossing the mean at about n = 3).
value > 0.75 indicates the structure is likely only a few changes away from the original 203 structure.
204
Results
205
In the previous sections a protein model was developed for the interpretation of
206
BioSAXS data which can derive a realistic tertiary fold for the protein using only its 207 secondary structure annotation. This process is summarized in Fig 8 for Lysozyme.
208
First the secondary structure annotation is used to generate a random 3D structure.
209
This is surrounded with an explicit hydration layer (Fig 8(a) ) and a model scattering sufficiently good fit to the scattering data Fig 8(e) , the structure, shown in Fig 8(d) , is 214 now significantly folded like the crystal structure. This improvement is reflected in the 215 fingerprint comparisons, c.f. 8(c) and 8(f).
216
To test the fitting procedure the model was applied to model the protein Lysozyme (PDB:1LYZ). Random initial models were generated using the CB algorithm. The following chi -square statistic χ 2 f was used to to asses the fit quality
Where n s is the discrete number of points on the domain q ∈ [0, 0.4] on which the scattering is sampled (a commonly used domain e.g. [7] ). I m is the model scattering 218 calculated using the Debye formula (1) and I s e , the smoothed experimental data
219
(smoothed using the procedure described in [35] ). The factor L d , which will 220 superimpose identical curves which differ by a translation, is used because the protein 221 concentration can only be measured with relatively low accuracy [6, 7] (when taking a 222 logarithm of the data a scaling factor becomes a vertical translation). In addition, to 223 prevent chemically unreasonable conformations, a penalty is applied if the 224 C α -C α distance of ≤ 3.8Å occurs for any pair of non-adjacent C α positions, this quantity 225 is labelled χ nl (see Methods and Materials). The initial randomly generated model is 
Knot statistics of optimized Lysozyme models
229
In order to validate our method optimized models K f generated from 40 random 230 starting points were generated by optimization against experimental SAXS data 231 (from [24] ). They were analyzed using the secondary knot statistic (Fig 9) . A number of models are significantly structurally similar to the crystal 233 structure K 2 > 0.75, but a significant number perform little better than random. The 234 average K 2 value 0.241, which from Fig 7(b) is the same as that of structures obtained 235 by making 3 changes to sections of the Lysozyme backbone (PDB:1LYZ).
236
When the protein's structure is unknown the aim of this technique will be to 
246
To test the value of additional information contact predictions, based on a large 247 number of homologous sequences, were incorporated into the model restraints. Data 248 from the Raptor X web server [36] for the for the sequence of Lysozyme were obtained. 249 The C α pairs with the 10 highest correlations were selected. An extra potential χ con was 250 added to the optimization statistic to ensure the distance between these pairs was 251 restricted to be within 5 and 15Å(see Methods and Materials).
252
The K 2 (K 1LYZ , K f ) statistic of 40 model structures K f for which 253 χ 2 f + χ nl + χ con < 0.008 are shown in Fig 9(c) . A number of the structures are PDB 254 quality. The folded structure shown in Fig 8(d) is one of these structures. The average 255 is 0.262, higher than in the standard optimization.
256
In addition the data show better separation properties. Similar to above, subsets of 257 high and low K 2 (K 1LYZ , K f ) structures were isolated. The results show a much clearer 258 separation than found in the absence of contact predictions (c.f. Fig 9(b) and (d) ).
259
Application to the structural core of human SYCE1
260
Based on the success of utilizing contact predictions to constrain potential models we 261 applied the algorithm on the structural core of the human SYCE1 protein, a tethered 262 construct where the sequence is repeated to allow formation of an extended anti-parallel 263 coiled-coils with two short additional helices at each end that could fold back to form a 264 small 3-helix bundle. The secondary structure of the tethered protein construct resulted 265 in eight stretches of alpha-helices where based on the heptad repeats helices 2, 3, and 4, 266 can be aligned to helices 6, 7, and 8 corresponding to the same sequence, respectively in 267 an anti-parallel fashion. This resulted in 14 close contact predictions between helices 2 268 and 8, and helices 4 and 6, respectively, as shown in Fig 10. 
269
Deriving the models
270
Based on the sequence and secondary structure predictions (a combination of those of 271 Raptor X [36] and HHPRED [37] ) a number of initial configurations were generated 272 using the CB algorithm. An example is shown in Fig 11(a) along with its hydration 273 layer, its scattering curve is compared to the experimental data (from [22] ) in Fig 11(b) . consideration of a sufficient resolution and reliable signal to noise ratio. Using 276 monte-carlo optimization the structure is altered until a reliable fit 277 χ 2 f + χ nl + χ con < 0.008 is obtained, where the potential χ con is based on the contact 278 predictions described above. One such model is shown in Fig 11(c) along with its 279 scattering curve in Fig 11(d) . The identical chains of the structure have folded to lie 280 (nearly) parallel with the end termini occupying a local neighbourhood. Three example 281 models for which χ 2 f + χ nl + χ con < 0.008 are shown in Fig 12(a)-(c). Figures 12(d) and 282 (e) indicate one of the coiled coil structures and depict the pairwise distances associated 283 with the contact prediction terms χ con . All models share the elongated bend shape with 284 a anti-parallel coiled-coil arrangement of helix 2-4 to 6-8, respectively. The first helix in 285 each helix (helices 1 and 5, respectively) show different orientations which reflect the 286 expected conformational flexibility of the protein in solution. Importantly, the central 287 coiled coil (made of helices 3 and 7, respectively) is not based on the constraints given 288 a-priori but is entirely based on the optimization against the experimental data.
289
Although a bead model results in a similar overall shape ( [22] ) our methods is able to 290 derive a more detailed molecular model with distinct structural features such as a coiled 291 coil. 
Discussion
293
In this paper we have shown that curve representation with hydration shell provides a 294 molecular model for BioSAXS data with fits as good or better than traditional bead 295 and envelope models. Unlike these models our model includes a complete secondary and 296 tertiary model description. Importantly, starting from random models that only take 
303
In order to show the potential of this ab-initio technique it was applied to a tethered 304 core component of the human SYCE1 protein, for which no high-resolution structural 305 data is available. The model derived was based on sequence information alone match 306 those of a model that was previously reported in [22] , where the model was based on 307 manual inspection of the sequences coupled with the fitting of ideal helical and coiled 308 coil segments, connected by flexible linkers to experimental scattering data.
309
Importantly, whilst the previously modelled structure includes two coiled coil segments, 310 it was recognised that this was the minimum number of segments required to explain 311 the curved structure and that the true structure could consist of multiple coiled coils 312 interrupted by short linkers. Thus, our novel ab-initio method has successfully 313 generated a highly plausible model from experimental scattering data without the need 314 for any more than minimal manual evaluation. This facility will be crucial for ab-initio 315 structural determination (from biosaxs data) of larger molecules where it would not be 316 practical to generate structures manually.
317
Further experimental information such as distance information from any other end-user to distinguish mathematically correct but physically less likely models from 324 correct solution. The secondary knot fingerprint statistic developed shows significant 325 potential to evaluate structural similarity of models and hence to further automate this 326 vital validation step.
327
The two future next steps are (i) the application of this method to multimeric 328 structures where each known monomer structure can initially be treated as rigid-body 329 and then refined in order to account for local changes in solution (ii) the application to 330 larger, de-novo structures where the exact 3D structure remains elusive. The application 331 to homo-multimers is straightforward and requires only minor addition to the existing 332 code, we expect this to be the major initial application of our methods. Due to the 333 limited information content of small-angle X-ray scattering data the ab-initio fold 334 determination will depend on the accuracy of secondary structure prediction combined 335 with appropriately weighted distance constraints such as those discussed above.
336
Methods and Materials
337
The backbone model
338
Curvature κ
339
A section (c i , c i+1 , c i+2 , c i+3 ) defines three edges with midpoints 340 c ml = (c i+l−1 + c i+l )/2, which in turn define the curvature sphere [38] (see Fig 1) . The 341 curvature, the inverse of its radius is
where θ 123 is the angle between the vectors c m1 − c m3 and c m2 − c m3 .
343
Torsion τ
344
Three points define a plane (with normal vector n) and the four points (c i , c i+1 , c i+2 , c i+3 ) define two planes through
The torsion magnitude is the (length weighted) angle these planes make with each other,
with θ n is the angle between n 1 and n 2 , see e.g. [39] . Its sign is given by the sign of the 345 triple product n 1 × n 2 · (c i+2 − c i+1 ).
346
Generating a curve section from (κ, τ ) values
347
Consider a section of curve of length m and m − 3 pairs (κ i , τ i ), whose three initial the exact values of the first two points do not matter (as long as their separation is R). 351 The third point is a structural degree of freedom but it is restricted such that the 352 C α -C α distance between c 1 and c 3 is greater than R. Once these points are specified the 353 fourth point will be 
where f b is the scattering of the amino acid in a vacuum and f ex is the adjustment due 361 to the excluded volume of solvent. Each amino acid is assigned the same scattering 
where
and C are empirically determined constants (a standard form used to 364 fit molecular form factors [40] ). The excluded volume effect is captured using an 
where r w is the average atomic radius of the atom [6, 7, 11] . To calculate the excluded 367 volume for amino acids coordinates for all 20 amino acids [41] , and values of r w for
368
Carbon, Nitrogen, Oxygen, Hydrogen and Sulphur (e.g. [42] ) were used to compute the 369 excluded volume scattering centered at the C α through 
where r α i is the distance of atom i from the C α molecule and N am the number of atoms 371 in the amino acid. Since f b does not discriminate individual amino acids this value f am ex 372 was averaged over all 20 amino acids, weighted by their abundance in globular proteins 373 (see [43] ). This averaged function, shown in S1 Appendix : Sec3 Fig , gives f ex (q) . (similar constraints are used in [6, 7, 11] ). The scattering form for an individual water 377 molecule in the hydration layer is 378 f h (q) = ρ h (2f hy (q) + f ox (q)),
where f hy and f ox are the vacuum scattering of Hydrogen and Oxygen respectively [40] . 379 The constant ρ h was empirically determined (as in [7] ). A detailed description of the 380 parameter determination method S1 Appendix: Sec 3.
381
with C a constant and d f c a reference distance (7Å was used in this study). The value of 406 C controls the likely variation in the distances d l c , a value of C = 0.001 in this study 407 was found to give good results.
408
Biosaxs data for the core component of SYCE1
409
The details on how this data was obtained can be found in [22] .
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